Best of both worlds: synergies between Constraint
Programming and Machine Learning

Hélene Verhaeghe
14 February 2024

KULeuven, Leuven, Belgium, helene.verhaeghe@kuleuven.be



Introduction | KU LEUVEN

]
N

Constraint Programming Machine Learning




Introduction | KU LEUVEN

]
N

Constraint Programming Machine Learning




Introduction | KU LEUVEN

]
N

Constraint Programming Machine Learning




Constraint Programming




Constraint Programming within Al KULEU\IEN

Artificial Intelligence

-

Natural language processing

Computer vision o
o Constraint optimization
o
Machine Learning
o
Robotics
Data mining
[
Knowledge reasoning
Game theory o

o
o s




Constraint Programming within Al KULEU\IEN

Artificial Intelligence

4 N

Constraint optimization

Constraint programming

o
Linear programming
o
SAT
Meta heuristics o

Local search




Constraint programming within Optimization

Complete search

Incomplete search

e Branch & Bound
e Constraint programming
e Integer programming
e Sat programming
Pros:
e Optimality guarantees
Cons:

e Takes time

e |ocal search
e Large neighborhood search
e Genetic algorithms
e Meta heuristics
Pros:
e Fast
Cons:

e No optimality guarantees

What technique to choose? Depends on the goal, get the best solution or get a solution

quickly!

| KU LEUVEN



Constraint programming | KU LEUVEN

What is constraint programming?

" Constraint programming represents one of the
closest approaches computer science has yet made
to the Holy Grail of programming: the user states

the problem, the computer solves it.” — E. Freuder




Constraint programming | KU LEUVEN

In Constraint Programming, we model in a declarative way the desired solution,
and then the computer/solver finds the solution.

%{_)

(Solution)
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e Variables: X, Y, Z,...
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e Variables: X, Y, Z,...

e Domains: {1,2}, {true, false}, {bleu, rouge, ...}



| KU LEUVEN

e Variables: X, Y, Z,...

e Domains: {1,2}, {true, false}, {bleu, rouge, ...}

e Constraint:
e arithmetic: X+Y =2, X<Y
e logicc ANB, AV B
e global: AllDifferent(X, Y, Z), Circuit(Xi, X2, X3)



Example - Sudoku KULEU\IEN
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Example - Sudoku KULEUVEN

2] |5 1 9
8 2] |3 6
3 6 ’ X, €{1,2,3,4,5,6,7,8,9}
1 6
5|4 1 9 X,"J' = grid,-_,j Vgrid,-,j 75 @
2 7
9 3 8 AllDifferent(X; 1, ..., Xig) V1<i<9
2 8| |4 7
1 ol [7] |6




Example - Sudoku KULEUVEN

2 5 9
8 2 3 6 Xi,j & {1,2,3,4,5,6,7,8,9}
3 6 7
1 6 X,'yj = grid,-_J- Vgrid,-_,j 7£ @
504 1]9
2 7 A//Different(X,-,l, ...,X,'79) Vi<i<9
9 3 8
2 8 4 7 AllDifferent(Xy j, ..., Xoj) ¥1<j <9
1 9 7 6




Example - Sudoku KULEUVEN

2 5 1 9 Xije€{1,2,3,4,5,6,7,8,9}
8 2 3 6 X,'J' = grid,-d- Vgrid,-,j # 0
3 6 7
1 6
54 1l9 A//Different(X,-,l, ...,X;yg) Vi<i<9
2 7
9 3 8 AllDifferent(Xy j, ., Xao;) V1<j<9
2 8 4 7

A//Different(X3k,3,, X3k+1,3/, 5004 X3k+2,3/+2) V0 S k, | <3




Examples of use of CP KULEUVEN

Area: 88




Hybridization ML/CP




Constraint Programming | KU LEUVEN

Model + Search

oal: Find (optimal) solution wrt some constraints

]
‘;

[
-

ro: Exact method

0

e Con: Difficulties in dealing with huge inputs
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Machine Learning | KU LEUVEN

(Big) Data + algorithms

. Learn from examples

e Goal
e Pro: Good with huge quantities of data
e Con:

Difficulties to satisfy (hard) constraints in outputs

11



Best of both worlds KU LEUVEN

Can we get the best of both worlds?

Yes, by combining them!

12



How to combine them? KULEUVEN

B — B2 B — [

LA LA

CP for ML ML for CP
e Modeling ML problems e Algorithm configuration
(e.g., clustering using CP) (e.g., Sunny-CP solver)
e Joint inference on NN output e Learning to branch
(e.g., visual sudoku problem) (e.g., SeaPearl project)
e Improving the learning of NN e Constraint acquisition
(e.g., PLS experiment) (e.g., ClassAcq approach)

And many many other examples ...
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Examples of such integration KULEUVEN

o) o
(3 — B2 s — B2

CP for ML ML for CP
e Optimal decision trees e Solving RCPSP using GNNs

e CP-BP for learning e Generic Graph Representation

14



When CP helps ML: Optimal
decision trees




The Problem: Learning Optimal Decision Trees KULEUVEN

e already a binary database

Database - -

is green  produce gum  has flowers ‘ poisonous?

A K f ... £ | c
yes yes no +

1 0 1 1 + no yes yes —
0 1 0 1 =
1 1 0 0 + e binarization required
0 0 0 0 +
1 0 0 0 i height age F ‘ sick?
o1 b & » o -
1 1 1 0 = ;

height< 150  height< 180 F<1 ... ‘ sick?
1 1 1 206 1 + yes yes no o +

no yes no . —
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The Problem: Learning Optimal Decision Trees KULEUVEN

Database
i h fa | c
1 0 1 1 +
0 1 0 1 —
1 1 0 0 +
0 0 0 0 +
1 0 0 0 —+
0 1 1 1 —
1 1 1 0 —
1 1 1 1 +
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The Problem: Learning Optimal Decision Trees KULEUVEN

Database
A kA fa | c
1 0 1 1| +
0 1 0 1| - T
1 1 0 0 + <
0 0 0 0 | + <
1 0 0 0 | + 5
0 1 1 1| — E
1 1 1 0 l
1 1 1 |
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Database
A kA fa | c
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1 1 0 0 + <
0 0 0 0 | + <
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The Problem: Learning Optimal Decision Trees KULEUVEN

Database
A kA fa | c
1 0 1 1| +
0 1 0 1| - T
1 1 0 0 + <
0 0 0 0 | + <
1 0 0 0 | + 5
0 1 1 1| — E
1 1 1 0 | — l
1 1 1 |

New sample
0 0 1 0 —
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Motivations | KU LEUVEN

Greedy methods:

v/ easy construction
X hard to impose additional constraints

X potentially unnecessarily complex tree

17



Motivations | KU LEUVEN

e Mining optimal decision trees from itemset lattices, Nijssen, S., Fromont, E., 2007

e Minimising decision tree size as combinatorial optimisation, Bessiere, C., Hebrard, E.,
O'Sullivan, B., 2009

e Optimal constraint-based decision tree induction from itemset lattices,Nijssen, S.,
Fromont, E., 2010

e Optimal classification trees, Bertsimas, D., Dunn, J., 2017

e Learning optimal decision trees with sat, Narodytska, N., Ignatiev, A., Pereira, F.,
Marques-Silva, J., RAS, |, 2018

e Learning optimal and fair decision trees for non-discriminative decision-making, Aghaei, S.,
Azizi, M.J., Vayanos, P., 2019

e Learning optimal classification trees using a binary linear program formulation, Verwer, S.,
Zhang, Y., 2019
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Model - Decision variables KULEUVEN

<——— max depth —

J
J
J
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Model - Decision variables KULEUVEN

<——— max depth —
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Model - Decision variables KULEUVEN

<——— max depth —

dom(d[i]) ={1,...,n} dom(c[i]) = {0, ..., N}
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Model - Unbalanced Tree KULEUVEN

<——— max depth —

dom(d[i]) ={0,1,...,n} dom(cl[i]) = {0, ..., N}
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Model - AllIDifferentExcept0

dom(d[i]) ={0,1, ..., n}

dom(cl[i]) = {0, ..., N}

<——— max depth —
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Model - AlIDifferentExcept0 KU LEUVEN

<——— max depth —

dom(d[i]) ={0,1, ..., n} dom(cl[i]) = {0, ..., N}
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Model - Coversize | KU LEUVEN

=N
Sh
&h
=

Features Counter
(Dense)
X1 X2 X3 X4

== O R O RO
== O O R = O
R R RO OO O R
H OR O OO R KR

P. Schaus, J. Aoga, and T. Guns. " Coversize: A global constraint for frequency-based itemset mining”. In CP 2017.
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Model - Coversize | KU LEUVEN

=N
Sh
&h
=

Features Counter
(Dense)

X1 X2 X3 X4
1 0 1

H R O R O KR O K

H R R O O R K~k O

H P P O O O O

H O R O O O R~ K~
o

P. Schaus, J. Aoga, and T. Guns. " Coversize: A global constraint for frequency-based itemset mining”. In CP 2017.
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Model - Coversize KU LEUVEN

fi h B

1 0 1 1 Features Counter
0 - 0 - (Dense)

1 1 0 0 X X X3 X

c 0 0 0 0| 1] 0|1 3
1 0 0 0

o N @ N

1 1 1 0

N BN

P. Schaus, J. Aoga, and T. Guns. " Coversize: A global constraint for frequency-based itemset mining”. In CP 2017.
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Model - Coversize KU LEUVEN

fi f; f- 12

! 2 i ¢ Features Counter
1 0 1 1 (Dense)

o N o N a | e | x| x

11 0 0 0|10 1 3
0 0 0 0

1 0 0 0

2 ! 1 * e Dense representation

1 - 1 - e No feature rejection
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Model - Coversize KU LEUVEN

f i f fa Features Counter
il 0 1 1 (Sparse)

o N o NN n | »

1 1 0 0 D 4 3

0 0 0 0

1 0 0 0

0 - 1 - e Dense representation

1 1 1 0 o

1 - 1 - e No feature rejection
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Model - Coversize KU LEUVEN

=h
Sh
@h
&

v'Features XFeatures Counter
0 1 1 (Sparse) (Sparse)
101 n | » 2
2 4 3 1

H R O R O R O K
==
R = R OO O
= O = O O O

21



Model - Coversize KU LEUVEN

<——— max depth —

Coversize({d[0], d[4]}, {d[1]}, cT[9]) Coversize({d[0], d[4]}, {d[1]}, ¢ [9])



Model - Other constraints and auxilliary variables KULEUVEN

e constraints imposing minimum at leaf
M e T .
c [+ ¢ [i] = Nmin

e constraints avoiding useless decisions

e redundant constraints improving speed

23
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Model - Objective

dom(d[i]) ={0,1,...,n}

min 3 ear min{c*[i], ¢~ [}

dom(cl[i]) = {0, ..., N}

+—— max depth —

24



Model - Objective KU LEUVEN

min Zieleaf min{C+[i]’ Ci[’]}

<——— max depth —
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Model - Objective KU LEUVEN

<——— max depth —
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AND/OR search tree Ku LEUVEN

[V = (v, vz} J OR nodes
C=A{c,0,...,cp
{a |2 ; SOL = SOL; or SOL or ...
Vi =2a vi=>b
e N \

[V’ = {vz,...vm}] [V’ ={w, ~~~Vm}]
ccc ccc
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AND/OR search tree

| KU LEUVEN

|

= {Cl7 @2 ooog Cn}

V ={vi,v,..vn} J

|

Vi =a Vi = b
N ¥
V' ={va,...vp} V' ={va, ..V}
ccc c'cc
/7 \ 7 \
partition partition
¥ AYs ¥ A%
ViV’ Vo CV/ ViV’ Vo, C V/
G cc GCc G cc GCc

|

.

OR nodes
SOL = SOL; or SOL or ...

AND nodes
SOL = SOL; and SOL, and ..
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Search - AND/OR search tree KULEUVEN
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Search - AND/OR search tree KULEUVEN

min e[0]

»
fiu|  min e[l] + e[2]

—
—
[—\
[—\
[—\
[—\
[\
[————\
/i / \
s ya \
A / \
Lo hY ya A\
Y4 ya \
Lt hY ya \
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KU LEUVEN
Search - AND/OR search tree |

min e[1] + min e[2]

™
in -
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Search - Caching KULEUVEN

A

27



Search - Caching KULEUVEN
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Experiments | KU LEUVEN

N = 1 N = 5

DL8 | BinOCT| CP DL8 | CP | CP<c | CPm

Proven optimality || 49(64%) | 13(17%)| 57(75%)|| 54(71%) | 56(74%) | 56(74%)| 58(76%)
Best solution found || 49(64%) | 21(28%)| 76(100%)| 54(71%) | 74(97%)| 74(97%)| 70(92%)
Fastest 23(30%) | 11(14%) | 49(64%)|| 28(37%)| 40(53%)| 33(43%) | 22(29%)
Time out 27(36%) | 63(83%) | 19(25%)|| 22(29%) | 21(28%) | 21(28%) | 19(25%)

23 instances, depths from 2 to 5, 10 min TO

DL8: Dynamic programming approach using frequent itemsets mining
BinOCT: MIP-based approach running on CPLEX

[Learning Optimal Decision Trees using Constraint Programming, H.Verhaeghe, S.Nijssen, G.Pesant, CG.Quimper, P.Schaus,

Constraint Journal, 2020]
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When CP helps ML: CP-BP for
learning




Make NN output satisfy constraints

feedback
L CP |———| Loss |~ L
3 domains 0ss 3
> NNiu raIk ?
1 1 etwor 1 2

M. Silvestri, M. Lombardi, and M. Milano. "Injecting domain knowledge in neural networks: a controlled
experiment on a constrained problem”. In CPAIOR 2021.
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The problem: Make NN output satisfy constraints

| KU LEUVEN

CP-BP

marginals

feedback

Loss

Neural
Network
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Belief propagation

G G G
. en

[ ]

X1 X2 Xm

G. Pesant. "From support propagation to belief propagation in constraint programming”. In JAIR 2019.
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Belief propagation

Message passing between variables and constraints

G G (@
() [ ®
[} [} /J\
X1 X2 Xm

G. Pesant. "From support propagation to belief propagation in constraint programming”. In JAIR 2019.
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G G (@
() [} ®
[} ° E
X1 X2 Xm

G. Pesant. "From support propagation to belief propagation in constraint programming”. In JAIR 2019.
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Belief propagation

Message passing between variables and constraints

G G (@
() [} ®
[} ° E
X1 X2 Xm

G. Pesant. "From support propagation to belief propagation in constraint programming”. In JAIR 2019.

30



Belief propagation: Example KU LEUVEN

Variables: xa, xp, Xc, Xq

e Dy, =Dy, =Dy, =D, ={1,2,3,4}
Constraints:

e G := AlIDifferent(xa, Xp, Xc)

o G i=xg+txp+Xxc+Xxg=7

True marginals (target)

1 2 3 4

o G :=x.<xyq 0., 0 5 .5 0
b,| 0 5 5 0

6. 1 0 0 o0

b, 1 0 0 0

Two solutions: (2,3,1,1) and (3,2,1,1) -



Belief propagation: Example

| KU LEUVEN

Variables: xa, xp, Xc, Xq

e Dy, =Dy, =Dy, =D, ={1,2,3,4}
Constraints:

e G := AlIDifferent(xa, Xp, Xc)

o G i=xg+txp+Xxc+Xxg=7

o (3:=x: < Xxg

Two solutions: (2,3,1,1) and (3,2,1,1)

True marginals (target)

&

DD DD D
X

X

>
X
= = O O|F
o o ;N

o o o v

o O O O+~

Marginals at iteration 0

1 2 3 4
0, ] .25 25 25 .25
0, | 25 25 25 .25
0. |25 25 25 25
0, | 25 25 25 .25

31



Belief propagation: Example

| KU LEUVEN

Variables: xa, xp, Xc, Xq

e Dy, =Dy, =Dy, =D, ={1,2,3,4}
Constraints:

e G := AlIDifferent(xa, Xp, Xc)

o G i=xg+txp+Xxc+Xxg=7

o (3:=x: < Xxg

Two solutions: (2,3,1,1) and (3,2,1,1)

True marginals (target)

&

DD DD D
X

X

>
X
= = O O|F
o o ;N

o o o v

o O O O+~

Marginals at iteration 1

1 2 3 4
0, ] 50 30 .15 .05
0, | 50 .30 .15 .05
0. | 62 28 .09 .01
0, 29 34 26 .11
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Belief propagation: Example

| KU LEUVEN

Variables: xa, xp, Xc, Xq

e Dy, =Dy, =Dy, =D, ={1,2,3,4}
Constraints:

e G := AlIDifferent(xa, Xp, Xc)

o G i=xg+txp+Xxc+Xxg=7

o (3:=x: < Xxg

Two solutions: (2,3,1,1) and (3,2,1,1)

True marginals (target)

&

DD DD D
X

X

>
X
= = O O|F
o o ;N

o o o v

o O O O+~

Marginals at iteration 10

1 2 3 4
0, ] .01 52 .46 .01
0, | 01 52 .46 .01
0. | 98 .02 .00 .00
f, .90 .10 .00 .00
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i)
©
=
o0
1
<
=
0
>
12}
8=
S
£
o
o

Marginals

Domains

.01

46
.46
.00
.00

.52

.01

™

K>

.01

.52

.01

<

.00

.02

.98
.90

O

.00

.10

3

<
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Loss function - supervised KULEUVEN

Loss(x,y) = —{y, Iog(%m) + //)\\ - t(x)
S O fovdvack
Domains Marginals
t(x) = L(x, C) = Z |Ch(x) — fu(x t(x) = Li(x,0) = Z 161 (x) — fic(x
t(x) = L(x, C) = Z(Ck( ) — fi(x))? t(x) = La(x,0) = Z(9k( ) = fi(x))?
K K
C(x) € {0,1} 0c(x) € [0,1]
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Results - supervised KU LEUVEN

PLS12A=0.1
1.0
0.9
. PLS12A=1
E 0.8
2y .Agn05tic B = — -
Sl | - Symbolic 5 e, —
o -
K 061 = L; Silvestri
L o5 == Lz Silvestri 0.9 i
—— Ly CP-BP o .
041 == L, CP-BP - S 0.8 :
— . -
035 20 40 60 80 100 120 140 > e AgnOStIC -
# of filled cells £ 0.7 S boli
= —— ymbpolic
PLS12 A =10 2 . .
I ———— o 0.6 = L; Silvestri
05 L o054 —=— Lz Silvestri
o
o8 — L]_ CP-BP
; = Agnostic 0.4 1
%07 == Symbolic - L2 CP-BP
061 — Ly Silvestri 0.31— : . . : . . ,
& o5 == LaSilvestri 0 20 40 60 80 100 120 140
oa]| T L2 CPEP # of filled cells
—= L, CPBP ”
0.3
o 20 120 140

40 60 80 100
# of filled cells
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| KU LEUVEN

Loss function - unsupervised

Loss(x,y) = —

Domains

= Ll(X, C) =

= LQ(X, C) =

Ck(X) €

Z|Ck ) — fi(x
Z(ck( ) — fi(x))?
k

{0,1}

~—~
CP feedback

S

Marginals

D 16k(x) = fulx)]

k

> (Ok(x) = fi(x))?

k
[0,1]

35



Results - unsupervised KULEU\IEN

1.0 1
0.9
e ‘
+ 0.8 - )
g A
207 _ 3
= »+=+ Agnostic  \ T4 4
2 . . 1N s/
@ 0.6 == [ Silvestri 1 o/
L) —— i i d
W 0.5 L, Silvestri \ .7
e [, CP-BP Ry
0.4
== [, CP-BP 5
031 : : : . : : ;
0 20 40 60 80 100 120 140

# of filled cells
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KU LEUVEN

Results - unsupervised - improved NN |

Feasibility ratio - Test set
- L2,CP == Agnostic — CE,CP-BP

1 =
=] AN
© S
o \
2 N\ R
0.8 E \‘ 1/ \‘
B \ < '
© \ - 1
(] v J 1
w \ ’ (]
0.6 \ o
\ V4
\ .
\ -
\_,r’
0.4
0.2
Number of filled cells
0

20 40 60 80 100 120 140
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When ML helps CP: RCPSP
using GNNs




The problem: improving RCPSP solving KULEUVEN

3/\
E
— 2
g
Task i ir ir: > 1 B D
as‘p Ci, Cin succ % A 2
A 2] 1 2 |BCD o2 y
¢ 1 2 3 4 5 6 7 8 ¢
B 3] 2 2 E e
C 111 2
D 2| 2 1 C 3
N
E 1] 1 1 C o o
o
C,=3and C, =4 2 E
21 A B C
o D
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Precedence graph | KU LEUVEN

Task ‘ pi | Cin  Cin succ ®
A 2 1 2 | BCD
B 3 2 2 E
C 1 1 2 @
D 2 2 1 C
E 1 1 1 C ©
C,=3and C, =4 @
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Precedence graph | KU LEUVEN

Task ‘ pi | Cin  Cin succ ®
A 2 1 2 |BCD
B 3 2 2 E
C 1 1 2 @
D 2 2 1 C
E 1 1 1 C /@
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Precedence graph | KU LEUVEN

Task ‘ pi | Cin, Cin succ
A 2 1 2 | BCD @
B 3 2 2 E
C 1 1 2 @
D 2 2 1 C
E |11 1 C /@
C,=3and C, =4 ®
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Precedence graph | KU LEUVEN

Task ‘ pi | Cin, Cin succ
A 2 1 2 |BCD @
B 3 2 2 E
C 1 1 2 @
D 2 2 1 C
E 1 1 1 C ©
C,=3and C, =4 ®
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Precedence graph | KU LEUVEN
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Graph Neural Networks KULEUVEN

Main principle: for each node, creating an embedding of its neighborhood

Tasks:

e Graph classification
e Node prediction

e Link prediction

40



Graph Neural Networks KULEU\IEN
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Graph Neural Networks KULEU\IEN

® ® — %
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Graph Neural Networks KULEUVEN

o
T

3
N
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Transitive closure | KU LEUVEN
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Our method | KU LEUVEN

Task ‘ pi ‘ Cin  Cin ‘ succ
A 2 1
B 3 2
C 1 1
D 2 2
E 1 1

uolIn|os
J9A|0S

43



Our GNN

2

SAGEconv
T
RelLU
!

']
SAGEconv
T
RelLU
!
']

SAGEconv

Goal: creates, for each node, embedding of the neighborhood

|

|

|

|

|

|
|

| KU LEUVEN

[
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Our MLP KULEUVEN

Goal: evaluate, given a candidate edge, its likeliness to exist

S
(LTI :

— [ —— |

Linear
RelLU
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ry) Results

Two usages of the learned precedences:

e additional constraints:

e reduces search space
e restriction of the problem
e improve solution for a few instances

e task ordering:

e preserve solutions
e best first solution

46



When ML helps CP: Generic
Graph Representation




Generic Graph Representation KULEUVEN

max Xxi
s.t. 3x; < 4x
TABLE([x1, x2], [(1,2), (2, 3)])
x; € {1,2}
x € {2,3}

47



Results - Prediction accuracy KULEU\IEN

Task: Determine if it is sat or unsat

Architecture SAT TSP- TSP- CoL Knap

ExT ELEM
Problem-specific 94.3% 96.3% 770% | 98.8%
Tripartite [Marty et. al. 2023] 50.0% 50.0% 84.6% | 50.0%
Ours 94.4% | 845% | 91.4% | 84.4% | 97.9%

[Towards a Generic Representation of Combinatorial Problems for Learning-Based Approaches, L.Boisvert, H.Verhaeghe,
Q.Cappart, CPAIOR, 2024]
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Conclusion




Conclusion - CP/ML synergies KULEUVEN

0
45

g%?‘; CP helps ML

e Help with satisfying (hard) constraint

ML helps CP
e Deal with (big) data

S
T
£
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ACP summer school 2023 - Recordings KULEUVEN

https://youtube.com/playlist?1ist=PLcByDTr7vRTYJ2s6DL-3bz]jGuwtQif33y3
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Thank you for listening!

Any questions?

https://hverhaeghe.bitbucket.io/
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